f is continuous at x = a if and only if

lim f(x) = f(a)
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'INFORMAL DEFINITION OF A LIMIT

I|m f(x) = L

LI T B A A TS |

—.—_implies._ that_as_Lgets "closer_and_closer" to_the number _a _from .. ______

either side, without actually equahng a, f(x) gets "closer and
closer" to the number L

We will leave the concept "closer and closer" as an intuitive one. 'I‘here is a more formal and _
precise definition of limits, whtch you ‘will leam if you continue your studies of mathematics in
college I state it here in its full mathemattcal splendor merely asa prev1ew of things to come. We.
will not be using it in this course. IR S

| - 'FORMAL DEFINITION OF A LIMIT B
limfx) = L iffV £>0,3 '8">0,i:>.' O<lx-al<8s = Ifx):Ll<eg

X—a

1t is extremely important to"r'ernember;'in our informal, intuitive definition that

we only let x approach but never equal a. We make no statement about the value -

~ of the functlon at.x =a. f(a) may not even exrst buLthe hm1t may exist! Jt will . .

seem that in our techmques for ﬁndmg lumts we w111 be "d1v1dmg by.0".. Not
so! x will only be forever approachmg, but never equahn'g a.

IR EFT i T B 55}
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The limit as x -> a of f(x) may exist ev_en though  f(a) . may be undefined.
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And one more time for good measure!

The limit as x -> a of f(x) may exist even though f(a) may be undefined.

TheOrems on Lim'its

Ifc,kRSUandVarcﬁmtznumbcrsandxf o

lim f(x) = R," nm g(x) ='s, tim fo) = U, - Jim g() =V,

then: |

(12) lim k(x) = o (D) lim k) = kU

@) lim [f0) + g(x)] =R+S @) lim [ +g@)=U+ V.
(3a) lim f(x)g(x) = (3b) lim f(x)g(x) =

nf@ R el D U gveo

Ga) fim=S=3 GS*0 @) lmTe =y GV#O)
.(58) limk=k (5b) lim k = &

(6) (The ‘‘Squeeze’’* Theorem.) If f(x) = g(x) = h(x) and if ]‘!_l.'l;l fx) =
ix_r’rtx h(x) = L, then l'l_l’.l"l glx) = L.



TECHIQUES FOR FINDING LIMITS

In géneral, to find the limit of f(x) as x approaches a, your first instinct
should be to find f(a). If* f(a) =’L,” Whieté L is a real niimbef; that is the limit. -

Examples: o

lim a=L = 2121 22 o
'xmlxzﬂ; “D*+1 2

However, if f(a) = ]é k-a nonzero number, then the limit does not exist.

Examples: - . .

- o 8 il LT Sin.% : 1 . L --l
i Sin X = = L = oo 34— 3im X
: 11_)1'11}_ X...'-fE .-:.E -:,E-.:é 0.:1, iy - - =
G T S -- :

e
L5
]
ofs
Il
Cor
.



The graphs of the functions used in the previous 3 examples are shown below. Notice that in each case there is a

vertical asymptote at the point where wé are atempting 40 find the fimit.
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- INDETERMINATE FORM
THE % TYPE OF LIMIT
So far, limnits sc;m to be a piece of caké. Just plug and chug. But what if we plug in and get

0

)

-~

g L

No problem, you might say. We can't divide by zero; 5o the fimit is undefined. Ah, but remember

we said that in finding the limit as x approac_hés a, we never let x equal exactly a. So we never

really have 0 divided by 0. What we have is a very small number divided by a very small number,

We call this form indeterminite, that is, th,é limit may or may not exist. We must investigate

further, either through algebraic rnanipulati:orr, such as factoring and canceling, or by rationalizing - - -
the numerator or denominator, or by usiné irig'bnorr'ietn'c identities and some well-known limits.

Some examples follow. :

{

SR e 0 SIS

Example 1.

Substituting. x =2 we have 8—

S |
lim 2=t - fim GEDED._ i xyn 2 g

x—>2 X - / : x—)g D X-2 x> 2

_Thus, the limit exists and"e\quals\4,_cvcn tl_éough f(4) is undefined. Note that it was-okay to divide-~5-+ <~

41s v men Ty

by (x-2) because x only z;ppgoachcs, but does not equal 2. .
- : S ,7 The graph of the function is shown at left.
- I have exagéerated the point of discontinuity at x = 2.
o 'I'l‘léfjr':gooirdinate of the "hole" is 4, and that is
: precisely what the limit of the function is as x
Y= K- 4 _ ;’ approaches 2 from eittier side.




Example 2. | L
Find [im 2%=x
x—0x3 - x2

Again, substituting x =0, we get %

i gt g (xiet] ) g
||m X2 -x [[ K(xrl)« = l
x>0x3 - x2:°  x-0 xX(x-1) . X0

Here, the limit dc;és not exist.
The graph of the functlon is shown below We see that it is exactly hke

fx) =
-and has a vertical asymptote at x = 0.

2 D R R R R :
H ‘ ; r
T
T ey, vt o, St g
' - L



Example 3.

Find |lim £—=—1
x—1 x-l

f(1) =

So whatever factor is makmg the denominator 0, is also makmg the numerator 0, .
ie. (x-1). We usé synthetlc division to factor the fiumerator.

1 1 o o0 0,0 . L .,
! e i 1 s 1 - - ‘!T, """ 1 g
{1 111 1.0

Therefore, . x5 - 1-= (x - Dx4+x3+x2+x+ 1)

Thus, the above limit is

44 v3 4 %2
lim x - DEE4+AX+X +x+1)

x—1

= lim x*+x3 +x2+x+1
x-1 x—>1

The graph of the function is shown above. There is a point discontinuity at X = 1. The
y-coordinate of the "hole” is the same as the limit, 5



Example 4.

3
Fmd im &+
h-0 ‘h

i G335+ 3?4 b a3 s 3 3l
h->0 h im >

Dividing evéry term by h we hévg L

im 3x2+3xh+h? = 3x2
h-—)O

- . r_-.:-‘ N -: ek
- Y 13 ) k

3 ; —_— Vo _
- (SRR B SRR DO s U ST,
Vi

Note that the above limit is the deﬁmtlon of the denvatxve of f(x) _
Recall the definition of the ‘defivative:’." ¢ e R O e

:~r

f(x) = hm f(x+1;1) £(x)
:.:- ' h-0 h

+ Thus, if if,(X)'.:' ’.(-3’1'1‘1:6:{1:;":"1

. Z e - - (x. 3 o R P RIS TR R
T Gy welimy G ST g
h—0 h A e

. . . e at ey s S Te ageemel g v .
N SEC PREIMBLET (RN DA RS SRV L IP LI LAY e £ O O . i .



Example 5.

1
Find |im Lh\

h— 0

- We factor out }17 and combine the fractions in the numerator.

j=pl )

e,

> |4
1

>4

4

4

—

)
It

]

N .
+
=

]

[}
[y
|
[y

1f_-h = lim-—1_ - _ -1 = .1
'_r!qoh{x(mh)} .!'_%x<x+h) x(x+0) -

By the definition of the derivative on the previous page, we ‘have just found the

denvatlve of f(x) = JIT .

I3

If f(x) )1(— then fx) =-L
Note that i‘(x) =- -—1— is always negative for x # 0

Recall that a derivative is a slope. From the graph of f(x) = 1 below, we see that it is falling

everywhere to the right where it is deﬁncd Thcrefore its slope, and its derivative, is -~ - - . T
negative for all x #0. '

I'd

Also note that the where f(x) is undefined, so is its derivative. This is true for all functions,

10



Example 6. Lo
o Find [jm X--2

x—=4 X - 4

PPNV R ot S

" "'The limit is of the Q type. We rationalize the mimerator

||mC—21{—+2_|| X - 4
x—>4x-4v'— 2 x-—)4(X 4)(1/_1-2)

S R 1 -1
,;!'-rnr+2‘r‘+2 2+2 4

ISR |
s .
——a T e A — e o r e r

Example 7.,

L. : h—)o L .. R PRI TRVEEE PRI B
- :‘_v:‘»'~_. - P il [P R

- ~Note that the above'is the definition of the dcnvatlve of f(x) ﬁ

Once again, we ranonahzc thc numerator.

i 65T 0

h-0 . h - X +

+ X
+ X

=

I ‘X +h - x _ h - h ,~____Y
oh(Vx-+h + X) 0h(Yx+ + X)) Aiae oD IEm e
. _,"' i | |

im __1_ - L
h->0 Vx+ “+ F X +X 27X

. . . s ¢

. - . et e Pev e, -t . PR H

R O L L T R A - RS T I G S P .
PR - .

HE. --:-.u... u_“'. ... ‘ ;"':' ¥ _'..:‘.‘.-‘: ':‘.'.'_-*'::'i '.fz;:f‘x .;.' R,lth-en.f X .:'—L T e E -i‘./.'l'._'i)



LIMITS OF TRIGONOMETRIC FUNCTIONS

A FIVE STAR LIMIT ( * * * * * Count them. Five! )

00

- g— L P T i 2o TR N e T R oL S o St E T P Y

We formally derived this limit last yaer using the unit circle, the area of a cinculz-ir'sectérf"{”;
trigonometric ratios, and the Squeeze Theorem. Since each generation should not have to re-invent
the wheel, we shall be content this time to merely, sketch the graph of the function and note that as
we approach 0 from either side, f(x) approaches 1, although £(0) is undefined. Once again, I

- exaggerate the pomt d1scont1nu1ty at X = 0

| ! 1 P
. t i RIS ER S
Vo4 o x 2. .0 ¢ -'2"_'. 4

*Also recall that the above limit is 1 only if 6 is measured in radians. If we use dégfééé; thenthe

limit becomes .01745329252... Since this limit is involved in many other limits, and in the

~ derivatives of all the trigonometri¢ functioris, we would have to carry this cumbersome number in

. our pocket at all times. Thus, the derivative of sin x would be .01745329252(cos x), rather
than just cos x. We legislate our way out of this mess by decreeing we shall only use radians.
Why not? After all, it's our coloring book, and we can color the bunnies any way we want!

17



Techniques for Finding Limits of Trigonometric Functions

We use the 5-Star limit on the previous page, m conjunction with trigonometric

identities and algebraic mampulatlon to find many other trigonometric limits.

e, R
P S

S el s

Example 1.
lim g = lim %ggg{; = hm Slg%&ag; = (Ilm sinx) (—l—) axy =
X -
' R R Ll e !r

It might be worth remembering that the above limit is 1, since it comes up frequently.
Note that the above implies that for small x, x in radians,

. tanx = x. The same holds true for sin-x. For small x (in radians), sinx = x

Y
Example 2. S s T
lim xcsex = X = 1 -1
x—0 x—0SinX  y ,psinx 1
- g :. x
Of course, we could have merely notcd that sinc _g‘(Z‘ S

its limit asx approachcs 0 is the remprocal of lim sinx

e x—0 X

-

and the reciprocal of 1 is L

w ) e



Example 3.

“lim M lim ZMS—X— = lim 2cosx3"”< = 2(cos 0)(1) - 21)(1) =2
x—0- - '“"xﬁO ’

T Levemm clt N e an t el e e et e el

x—=0 -

) !Thcre is an altérhéte way of ﬁndihg thc above hrmt .
“m2§m2x “m 2§m2x

xﬂO . x=0
Now lct 9 2x Then as x >O 9 > 0. Subsntunng 9 2x m thc cxpressmn abovc we have
hm 25"2;& = hm 2M = 2(1)

x—0 ) 60 0

T L oeae -

- Example 4. ~

Note that f(—) Q— Make thc substltutlon 0= x-g

Thénas x—)zzc-, '9—)0.

sm(x-—)
P Ilm . =.limsin® _ g,
C x-X x-E 80 0
2 2

* Bistiy neat i



Examiple 5. - e -
- Find |im sin2x
x — 0 Sin 3x

The tempation may be very strong to cancel the sins and cancel the x's. There's no mathematical
rhyme or reason for that, of course, but due to a fantastic set of circumnstances, coincidences,
conjunction, of the planets and the stars and'other astrological influences, not to mention sheer luck,

you would be right!
, _ ... The answer is indeed _%—.;! )
Let us see why. We begin by performing the usual mathemalical miracle of muliplying by 1, ot

[ AR R, B

once, but twice. ™ L
lim 2xsin2x 1.7 3x - |jm2xsin2x _3x  _
x—0 2x 3xsin3x  ,_,03x 2x. sin3x

lim 2sin2x _3x .
203 2x sin3x”

[ PR
PR L

Now if we let 0 =2x and @ =3x, thenasx — 0, both 6,9 — 0, and we have

D o . s e PR - -~ om.

lim 2sin8@ 2 24y = 2
8.9 03 9_511}9 3 3

Now isn't that more satisfying then blindly canceling the sins and the x's 7 No, huh ? Very well,
do it your way. In general ' -

- limsbmx - m qa0.
x — 0 SInNX n ’

W



Example 6. We will need the following limit when we derive the

derivative of sin x. Again note that it's a 0 over O type.

lim L -cgs = lim Locosx 1 +cosx _ |jm —l-_cos?x _
N x—=0 . x—)O .._X. 1 + COSX x_—),OX(I_.__.I*.'..COSX)--.-_ .o

]
oo

||m __s_m__ = ||m Smx sinx = ( )( §1nQ )_ (1 )(_0_)

 xao0X(l+cosx) ;9 X l+cosx I'+cos0

“Soiiie' LEMMING 'fy‘piéé“ of difnits.”| - -
v o lims = S

"x-—-bl L

5i 1s 2 constant. As x approaches 1, 5does not change. Thc limit is 5, not 1.
In general, if k is a constant, Ilm k =

X—a

AN T

limx - lim=

x—0 x—0

fimeesx = ¢os0 - L = oo not 1! 3
x—o0 -5 7 =070 -

[¢



[ ONE StDED TIviTS |

means that f(x) gets closer and closer to L1 as x approaches a from the left.

B e

Il_)n} f(x)

L o ———

means that f(x) gets closer and closer to T2 as x approaches a from the right.

_ x2+2, x<1
Let f(X) = {--.-.3-x,x>1

Then.lim fx) -2 lim x?+2 = 3

x> 1 x=>1

and fim 00 <= I|m 3ax’

— x> 1" x-1"

\\\\\\

ot
Note that for the above functlon at x=1; the.left limit dees not equal the- nght
limit. We say that the limitat x =1 docs not exist.

lim f(x) exists if and only if

X a

lim f(x) = -lim f(x)

“‘.'x—>a '_ "x—>a




[x] is defined as the greatcst mtcgcr lcss than or equal to x

341 =3  [399] = 3 21=2  [08] =0 [-14] = -

The function is graphed below. - ~ - . ;.

0 ':, —
¥ — :
— :

{ {

t 1

im x] = 1

X2

im x1 = 2

x— 2

Therefore lim [x] is non-existent because
Tx—2 )

im x1 = hm [x]

"'=x—)2 x—-)2
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In general, if a is an integer, then

lift-(x~ ' does not exist.’
- X —3-a- —— .
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THE STEP FUN CTION

The éraph of f(ij = Ii—' is shown below.
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Note that for x > 0, f(x) = 1; for x < 0, f(x) = -1; and f is undefined at x = 0.

“m Ix = -1

X—=0 x

Ilm Ixl = 41

x— ot x

|lm is non-existent. ,
x—o0 X - .

However, [im 2 = 1 and |im 2 I -1

x—)2 . x - -3 X






