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GRAPHS OF ELEMENTARY FUNCTIONS

fx) = x
Domain: (-0, )
RangC: ’ ('°°’ °°)

Intercepts: ©, 0
Symmetry:  origin

f(x) = x2
Domain: (-00, o)
Range: [0, o)

Intercepts: 0,00
Symmetry:  y-axis

f(x) = xn,
n an even positive integer
Domain: (o0, o0)
Range: [0, o)
. Intercepts: ©, 0)
Symmetry:  y-axis
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Domain:
Range:
Intercepts:

Range:

Intercepts:
Symmetry:

Domain:

Range:

Intercepts:
.Symmctly:

f(x) = l\‘/;

n an even positive integer
[0, o)

[0, =)

©, 0

f(x) = :v_;

fx) = Vx

n a positive odd integer
(w00, o0)

(-00, o0)

©, 0)

origin
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f(x) = %

Domain: (-0, 0) U (0, =)
Range: (-o0, 0) U (0, =)
Intercepts: none

Symmetry:  origin
Asymptotes: x=0,y=0

= 1
f(X) —-;—2—

Domain: (00, 0) U (0, )
Range: (0, =0)
Intercepts: none

Symmetry:  y-axis
Asymptotes: x=0,y=0

f(x) = Th

Domain: (~00, 0) U (0, =)
Range: (0, o)
Intercepts: none

Symmetry: = y-axis
Asymptotes: x=0,y=0




f(x) =YVa2 - x_2

Semi-circle of radius a
Domain: [-a, a]
Range: [0, a]
Intercepts:  (-a, 0), (a, 0), (0, 2) : :
Symmetry:  y-axis S R SR ......

fx) =V¥x2 - a2
positive part of a hyperbola

Domain: (-o0, -a] U [ a, o0)
Range: [0, <) : : : :
- Intercepts:  (-a, 0), (a, 0) L R IR S M SR .
Symmery:  y-axis | S04 N T T O T
| | t 1' ! ;
4 x -2 0 2 4

Domain: (~00, 0)
Range: (0, =) . : : : :
Intercepts: (0' 0) 2+ _ ...... REETERE SRR RRRP Teeenn
Symmetry:  y-axis :




f(x) = Ix!

Range: [0, =)
Intercepts: ©, 0)
Symmetry:  y-axis

fx) = l—il

Step function
Domain: (-0, 0) U (0, =)
Range: y=-1,y=1 only
Intercepts: None -
Symmetry:  origin

f(x) = [x]
Greatest integer S X
Domain: (~00, ©°)
Range: the set of all integers
Intercepts: (0, 0)
Symmetry:  none
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f(x) = bx b>1

fx) = logb X,

exponential function
Domain: (-00, =0)
Range: (0, =)
Intercepts: ©, 1)
Symme&y: none
Asymptotes: y=0
. f(x) = bx, b>1

Domain: (-00, o)

- Range: (0, o)
Intercepts: O, 1
Symmetry:  none
Asymptotes: y=0

logarithmic function

Domain:
Range:
Intercepts:
Symmnietry:
Asymptotes:

(0, <)
(~00, o)
1, 0)
none
x=0

b>1

In x

logio x




f(x) = sinx

Domain: - (-00, ©°)

Range: (-1, 1]

Intercepts: X = N7, 0 an integer
y=0

Symmetry:  origin

Period: 2%

f(x) = cos(x)

Domain: (-0, o)
Range: [-1, 13
Intercepts: x=(2n +1) 1‘2—
y=1
Symmetry: - y-axis
Period: 2r
f(x) = tanx

Domain: x#(2n+1) 121

Range: (o0, o)
Intercepts: X=nTn
y=0
' Symmetry:  origin
Period: T




- ~ 1
f(x) = CSC X pron

Domain: = x#nmw
Range: lylt=21
~ Intercepts: none

Symmetry:  origin
Period: 2r

f(x) = secx = 1

Cos X

Domain: x# (2n + 1)12‘1:-

Rangc:' lyl>1
Intercepts: y=1
Symmetry:  y-axis
Period: 2n

f(x) = cotx = 1

tan x
Domain: X#NnW
Range: ~ (-00, o0)

Intercepts: x =(2n +DE

Symmetry:  origin
Period: T
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SYMMETRY

x,y)® (x, y)

%, -9) * &)

The diagram above shows the necessary conditions for symmetry about the axes
and the origin.

The graph of a relation is symmetric to

1. the y-axis if for all points (x, y) on its graph, the point (-x, y) -
is also on the graph.

2. the x-axis if for all points (x, y) on its graph, the point (x, -y)
is also on the graph.

3. the origin if for all points (x, y) on its graph, the point (-x, -y)
is also on the graph.

For symrhetry to the axes, the axis can be regarded as the surface of a mirror.
For point symmetry to the origin, if we draw a line from the point (x, y) through

the origin, the point (-x, -y) will lie on the line an equal distance on the other side
of the origin.
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RULES FOR DETERMINING SYMMETRY

The graph of a relation is symmetric to
1. the y-axis if replacing x by -x yields an equivalent relation.
2. the x-axis if replacing y by -y yields an equivalent relation.
3. the origin if replacing x by -x and y by -y yields an
equivalent relation. ' '
EXAMPLE. Determine the symmetry of the following relations:
a. y = 3x2-2
b. y =4x3-1
c. y=x3-x
d x2+y2=1
a.  To y-axis oy = 3(x)2-2 > y=3x2-2
YES
To x-axis -y = 3x2-2 > y=-(3x2-2)
NO '
To origin y = 3(x)2-2 -> -y= 3x2 -2
NO -
y=3x2-2

Symmetry to the y-axis

12




b. y=4x3-1

To y-axis: y=4(x)3 -1 > y=-4x3-1
No.

To x-axis: -y=4x3 -1 > y=-4x3+1
No.

To origin: -y=4(-x)3 -1 > y=4x3+1
No. y=4x3-1

No symmetry. 27

C.
To y-axis: =-x3+x
No.

To x-axis
No.

To origin: =
Yes.

y=-x3+x

y=x3-x

Symmetry to origin

13



d. x2 +y2 =1

To y-axis: (x)2+y2=1 > xZ+y2=1
Yes. »
To x-axis: x2 +(-y2=1 > x2+y2=1
Yes.
To origin: (x)2+(¢y)2=1 -> x2+y2=1
Yes.
e

Symmetric to 037

both axes | 0 -

and origin.

-1 x-05 0 0.5 1

Note that if the graph of a relation is symmetric to both the x and y-axes, it is
symmetric to the origin. The converse is not true. A relation may be symmetric to
the origin, but not to the axes. Consider the graph of

-=2 x\o 2

The graph is symmetric to the origin, but not to either axes.
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ODD AND EVEN FUNCTIONS
DEFINITION S

I. A function is said to be even if, for all x in its domain,
f(-x) = f(x). ‘

2. A functions is said to be odd if, for all x in its domain,
f(-x) = - f(x).

Symmetry of Odd and Even functions

From our previous discussion of symmetry, f(-x) = f(x) implies that if we replace the x-
coordinate by - x, the y-coordinate remains the same. This is the equivalent of saying that if (x, y)

is on the graph of f, (-x,y)is also on the graph. Therefore, the graph of an even function is
Symmetric to the y-axis. ,

Similarly, f(-x) = -f(x) implies that if we replace the x-coordinate by -x, the

y-coordinate becomes - y. This is the equivalent of saying that if (x, y)is on the graph of f,

(-, -y) is also on the graph. Therefore, the graph of an odd function is symmetric to the origin.
Note that the graph of f cannot be symmetric to the x-axis, because then it would not be a function
(It would fail the vertical line test for a function; for values of x, there would be two values of y).

- Summarizing

1. If f is even, that is, if f(-x) = f(x), then the graph of f
is symmetric to the y-axis.

2. If f is odd, that is, if f(-x) = - f(x), then the graph of f
is symmetric to the origin.

3. It is possible for a function to be neither even nor odd.

15



EXAMPLES OF EVEN FUNCTIONS

f(x) = x2
£(x) = (X)2 = x2 = £(x)

f(x) = x| _
f(—x)=|-x_|=lx|=f(x)

fx) = 3x4 -1
f(-x) =3(x)4-1= 3x4 - 1 =1(x)

f(x) = cos(x)
£(-x) = cos(-x) = cos(x) = f(x)

16




fx) = x2B = Vx2
f-x) = ¥ (-xP = Vx2 = fw)

f(x) = TL
X’ - 2x
f(- x) = ¥-x) -3x

f(x) = log|x|
f(-x) = log|-x| = log|x| = f(x)

17




EXAMPLES OF ODD FUNCTIONS

1. f(x) = x3

f(x) = (393 = - 3 = - () .
| y
L R R TR R A
2f x O 2
2. f(x) = 4x3-2x

f(_x) = 4(-x)3 - 2(-x) - 4x3 + 2x 2 P T s NN IR

- (4x3 - 2%) =- f(X) ol

y|
24 ........................

f(x) = —2X
(x) 2.1

2(-x) - =2X
(x*-1. x2-1
= - B = -f(x)

<2 -

f(-x) =

f(x)=xVx4-1

f(x) = (xW (-1
=-x¥xt-1=-fx)

18



5. f(x) = sin(x)
f(x) = sin(x) = - sin() =- f(x)

4 sin(x)
Y2 + cos(x)
f(-x) = 4 sin(-x) _ _-4sin(x)
Y2+cos(x) V2+cos(x)
4 sin(x)

=- ——2 2 _ _f
. Y 2+ cos(x) )

f(x) =

f(x) = xe*

f(-x) = (x) e® = _xex’

- £(x)

19



POLYNOMIAL FUNCTIONS

If f(x) is a polynomial function, i.e.,

f(x) = apx" + apx"! + ..+ ax2 + a;x + o
where n is an integer = 0, then

1. f is an even function if all the exponents of the x-terms are even.
2. f is an odd function if all the exponents of the x-terms are odd.
3. f is neither even nor odd if the exponents of the x-terms are a

mixture of even and odd integers.

EXAMPLE: Determine whether each of the following polynomial

functions are even, odd, or neither.
a.  fx)= 3x4-2x2+7

Note that the constant term 7 is equivalent to 7x9.

The exponents of x are all even. Therefore f is even.

f(x) = f(x)

b. f(x) = 3x3- 4x3 X
The exponents of x are all odd. Therefore f is an odd function.
f(x) = -fx) |

c. fx) =x3+3x-5

The constant term - 5 is equivalent to - 5x0.
The exponents of x are a mixture of odd and even integers.

Therefore f is neither even nor odd

f(x) = (x3+3(x)-5 = - x3-3x-5 # fx)or -f(x)

20



'PRODUCT AND QUOTIENTS OF EVEN AND ODD FUNCTIONS

The rules for the product and quotients of even and odd functions are very similar to the rules for
multiplication and division of signed numbers, if we think of an odd function as a negative and an
even function as a positive. : R

1.
2.
3.

The product or quotient of two even functions is even.
The product or quotient of two odd function is even
The product or quotient of an even and odd function is
odd. ‘ ”

We prove the first part of Rule 2.

Let f(x) and g(x) be odd functions and let w(x) = f(x)g(x).
Prove that w(x) is an even function. ‘

f(x)v is odd implies f(-x) =-f(x). g(x) is odd implies g(-x) =- gx)

w(-x) = f(-x)g(-x) = [-f(x)] [-gx)] = f(x)g(x) = w(x). Therefore w is even.

EXAMPLES: Determine whether each of the following functions is

e oo

even, odd, or neither.

a. f(x) = xVx2+1

b. fx) = —2X ‘
( x3 + 4x

c. fx) = x3sinx

d f(x) = COSX_
X + 1

odd times even: fis odd.

odd divided by odd: fis even

odd times odd: fis even

even (cos x) divided by a function neither even nor odd.

f is neither even nor odd.

21



SYMM_ETRY OF THE ELEMENTARY TRIGONOMETRIC FUNCTIONS

Of the six elementary trigonometric functions, 2 are even, the cosine

and its reciprocal, the secant. The other 4 are odd. This implies that -

cos(-x) = cos(x) symmetry fo y-axis
sec(-x) = sec(X) "
sin(-x) = - sin(x) symmetry to origih
csc(-x) = - csc(x) "
tan(-x) = - tan(x) | "
cot(-x) = - cot(x) "

Remembering which functions are even and which are odd is a handy way of remembering the
trigonometric identities above.

THE FUNCTION f( Ix])

The function f( Ix!), formed by everywhere replacing x in f(x) by Ixl, is
always an even function, regardless of whether f is even, odd, or neither.
This is because f(l-xl) = f(Ixl) for all x.

EXAMPLES:
f(x) = sin(x) is odd, but g(x)=f(Ixl)=sin ix! is even.

f(x) = x4 + 3x2 + 5 is even, and 50 is g(x) =Ixi4+ 31xI2 + 5.

f(x) = x + 1 is neither even nor odd, but gx) = f(xl) = Ixl + 1 iseven.

The concept of even and odd functions will be important later on in calculus.
Among other things, calculations involving the definite integral can be simplified
if the function is even or odd.

22



I TRANSFORMATIONS |

Knowing the graphs of the elementary functions, we can quickly sketch the
graphs of many other functions by recognizing them as transformations of the
plane, either translations or reflections.

Horizontal Translations
The Graph of f(x - h)
The graph of f(x - h), h a constant, is a horizontal translation of

the graph of f(x) by h units, to the right if h >0 (h positive),
to the left if h <0 (h negative).

Vertical Translations
The graph of f(x) + k

The graph of f(x) +k, k a'constant, is a vertical translation of
the graph of f(x) by k units, up if k >0, down if k <0.

23 P



gx) = f(x - 2) Horizontal translation 2 units to the right.

, fx) =1x1

g(x)=f(x-2)=|x-2|

g(x) = f(x) - 2. Vertical translation 2 units down.

f(x) = x|

g(x)=f(X)-2=lxl-2

Note the difference between a horizontal and a vertical translation. For a horizontal translation, we
replace x by x-h, whereas for a vertical translation we simply add a constant k to the original

function.

24



8(x) = f(x + 3) = f(x - -3). h is negative. Horizontal translation 3 units to the left.

L g(x) = f(x + 3) = (x + 3)}

g(x) = f(x) + 3. Vertical translation 3 units up.

gx)=f(x) +3=2+3

f(x) = 0
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g(x) = f(x -1). Horizontal translation 1 unit to the right.

gx)=fx-1)=(x- 1)2-2(x-1)

g(x) =f(x) - 1. Vertical translation 1 unit down.

f(x) =x2-2x

26



gx) =fx+2)=1(x - -2)

Horizontal translation 2 units to the left.

I |/ S SRR
~+—f —t
4 x-# 0
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 g(x)=f(x-1)  Horizontal translation 1 unit to the right.

gx) =1(x) -1 Vertical translation 1 unit down.
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